is an open access repository that collects the work of Arts et Métiers ParisTech researchers and makes it freely available over the web where possible. A potential flow is presented in this paper for the analysis of the fluid-structure interaction systems including, but not limited to, the idealized human head. The model considers a cerebro-spinal fluid (CSF) medium interacting with two solid domain. The fluid field is governed by the linearized Navier-Stokes equation. A potential technique is used to obtain a general solution for a problem. The method consists in solving analytically partial differential equations obtained from the linearized Navier-Stokes equation. From the solution, modal shapes and stokes cells are shown. In the analysis, the elastic skull model and the rigid skull model are presented. A finite element analysis is also used to check the validity of the present method. The results from the proposed method are in good agreement with numerical solutions. The effects of the fluid thickness is also investigated.
Introduction
Fluid-structure interaction problems since long have attracted the attention of engineers and applied mathematics. The most important applications of this theory, probably, structural acoustics [Ohayon and Soize, 1997] , vibrations of fluidconveying pipes [Paidoussis, 1997] and biomechanics. As these problems are rather complicated, some simplifications are typically adopted to facilitate their solving. In particular, it is quite typical to ignore viscosity effects (especially in structural acoustics) or to use local theories of interaction, such as, the one referred to as thin layer or plane wave approximation.
In recent years, several authors have focused on the modeling of inertial coupling of the brain, cerebro-spinal fluid (CSF) and skull system. This model of inertial coupling was solved using FEM method [Chen and Luo, 2010] and analytical method [El Baroudi et al., 2012a] . The reported study in El Baroudi et al. [2009] , the viscosity effects in fluid-structure interaction problem studied are neglected. Indeed, the perfect fluid model is used to describe the interactions between fluid and solids. The fluid is assumed nonviscous and isotropic which satisfies the acoustic wave equation. Since no source is considered in the acoustic domain, the Helmholtz equation, which describes a harmonic wave equation propagating in medium while neglecting dissipation, is represented as ∇ 2 p+ ω 2 /c 2 p = 0 where p is the acoustic pressure in a fluid medium, ω is the angular frequency and speed of sound c. In this case, the coupling is considered to be inertial. In fact, in linear systems fluid inertia can be modeled as an added mass matrix operating on the degrees of freedom of the structure, which means that no additional degree of freedom related to the fluid is required. When the CSF's thickness becomes very low, is required to take into account of character of viscous flow [Axisa and Antunes, 2007] . On one hand, brain injuries constitute one of the major cause of death in road accidents. To understand how the brain gets injured during an accident, the mechanical response of the contents of the head during an impact has to be known. Several models have been developed to study this phenomenon. Some authors used numerical models using the finite element method [Marjoux et al., 2008; Liu et al., 2007] , while others developed experimental devices that simulate a shock [Verschuerena et al., 2007] . Most numerical models used did not always show the coupled character of the problem studied [Zong et al., 2006] . The consequences of the skull's vibrations are still poorly understood. It is probable that the low-frequency skull vibrations (below 200 Hz) mainly cause deep cerebral lesions, while higher frequency vibrations have more consequences on the superficial cerebral structures [Willinger et al., 1995] .
On the other hand, the knowledge of the flow dynamics and oscillations of the CSF in the intra-cranial space plays an important role for various human pathology in the everyday activities. More recent studies on the brain tend more and more to point out the role of wave within the brain tissue e.g., Will and Berg [2007] . They experimentally showed that synchronization responses of brainwaves to periodic auditory stimuli had three components corresponding to different spectra: low frequencies [1-5 Hz], intermediate frequencies [3] [4] [5] [6] [7] [8] and higher frequencies . In addition, mechanical vibrations also play important role during measurement as Diffusion Tensor Imaging by means of Magnetic Resonance Imaging. Recent studies showed that the mechanical vibrations cannot be ignored and they should be considered when choosing the sequence parameters for Diffusion Tensor Imaging [Hiltunen et al., 2006] . All these observations suggest us to better determine the natural frequencies and modal shapes of the brain, the CSF and the skull.
Analytical methods were conducted to determine the frequency spectrum of the head-neck system [Charalambopoulos et al., 2006] . Finite element method has been intensively used to model the head impact [Kleiven, 2002] . Most of them neglected the mechanical role of the CSF. A basic question remain: what would be the role of the CSF for free and forced vibrations of the brain-CSF-skull system at low frequencies ≤ 200 [Hz] ? Numerical aspects of fluid-structure problems have been studied in the past [Morand et al., 1979] . Most classical methods use the modal shapes of the solid phase for deriving the dynamical behavior of the whole (solid and fluid domains). In a general manner, classical methods may be sufficient if we are only interested in searching for the natural frequencies. However, these methods do not permit to obtain the modal shapes of the whole system which is essential for applying the modal projection when facing dynamical situation (forced vibrations or shocks).
The aim of the present work was to search for analytical and numerical modal shapes of the interacting skull-CSF-brain assuming elastic behavior for the brain and the skull and an acoustic wave propagation within the CSF. The starting point for our study is based on the experimental devices which may be used in biomechanical modeling of the human head. Most of these experimental devices which consist of two concentric cylinders separated by a liquid media (water), the water layer thickness used is much more higher than the actual value of CSF thickness. This led us to use the inertial coupling model proposed in the study [El Baroudi et al., 2009] . In this paper, we propose a model based on viscous coupling between two circular cylinders separated by a viscous fluid, which is better suited to the small CSF thickness. In the reported study in El Baroudi et al. [2012b] , we also carried out an analytical and numerical study for a spherical head in the case of an inertial coupling. The model (Fig. 1 ) is designed to directly solve the viscous coupled solid-fluid problem, conversely to classical method that only uses the modal shapes of the solid phase. The influence of the CSF compressibility, dynamic viscosity and thickness on the natural frequencies and modal shapes was investigated. Last but not least, the use of simple models was deemed necessary since validation of the fluid-structure problems still remains a challenge.
Mathematical Formulation of the Problem

Governing differential equations of viscous fluid region Ω f
From conservations of mass and momentum and assuming that the fluid is viscous and incompressible, the motion of the fluid flowing in the cylindrical waveguide in the absence of body force is governed by in which v = {v r , v θ } T is the fluid velocity vector, p is the fluid pressure, ρ is the density of the fluid, ν and η = ρν are the kinematic and dynamic fluid viscosity, respectively. I is a unit tensor.
The obtained equations of motion are highly complex and coupled. However, a simpler set of equations can be obtained by introducing scalar potentials φ and ψ, known as the Helmholtz decomposition. The Helmholtz decomposition theorem [Morse and Feshbach, 1946] states that any vector v can be written as the sum of two parts, one is curl-free and the other is solenoidal. In flow fields, the velocity is thereby decomposed into a potential flow and a viscous flow. In other words, the velocity v can be expressed as a sum of the gradient of a scalar potential φ and the curl of a vector potential Ψ as follows:
where Ψ is a vector stream function. Using the problem symmetry, the vector potential Ψ reduces to a scalar equation; i.e., Ψ = (0, 0, ψ), using the condition ∇ · Ψ = 0, and substituting the above resolutions into Eqs. (1) and (2), after some manipulations, the equation for the conservation of mass (2) becomes the Laplace equation
and the equation for the conservation of momentum (1) becomes
where
∂θ 2 is the Laplacian operator in polar coordinates (r, θ). Thus, the Navier-Stokes equations are reduced to formulation (4) and (5). Of course, it does not mean that in any case such a decomposition of fluid's velocity field gives considerable simplifications in solving of the problem because boundary conditions for stresses are not separated. The vibrations are harmonic, with constant angular frequency ω, as a result all potentials components and pressure will depend on time only through the factor exp(jωt). Applying the method of separation of variables, the solution of the equations for potentials, associated with an axial wave number k z , radial wave number k ψ and circumferential mode parameter n, after considerable algebraic manipulations, can be shown to be
J n and Y n are Bessel functions of the first and second kind of order n. n = 0, 1, 2, . . . is the azimuthal wavenumber. Note that the velocity field v has components that are symmetric or antisymmetric in θ. The azimuthal modes corresponding to cos(nθ) and sin(nθ) are really the same, due to periodicity in the azimuthal direction, i.e., there is no distinction in the values of n for the two families. A, B, C, D, E and F are unknown coefficients which will be determined later by imposing the appropriate boundary conditions. The radial wave number k ψ is related to the angular frequency ω by
Using Eq. (3) and taking into account Eq. (6), the fluid particle velocities in terms of the Bessel functions can be written as
The radial and tangential stresses for an incompressible viscous fluid (CSF) in terms of the potentials φ and ψ can be written as
Governing differential equations of elastic solids region Ω i
The cylinders are assumed to be made of an elastic solids with Young's modulus E i , Poisson ratio ν i , mass density ρ i and i = 1, 2 indicates the brain (i = 1) and the skull (i = 2), respectively. For motion in a homogeneous isotropic elastic solid, the vector displacement
θ } T satisfies Navier's equation. Using Helmholtz decomposition method, the displacement vector within the body of an elastic solid can be written in terms of two scalar and vector potential functions
By expanding Eq. (10) and substituting it into Navier's equation
where ρ i is the density, λ i , µ i are the Lamé constants, r is the radial direction and θ is the circumferential direction. Two partial differential equations are obtained in terms of the three potential functions
where c Li = λi+2µi ρi and c Ti = µi ρi are the compressional and shear wave velocities in the solids, respectively. Similarly, the solution of the equations for potentials, associated with a longitudinal and shear wave numbers (k Li , k Ti ) in the solid media and circumferential mode parameter n, can be shown to be
and the unknown coefficients A i , B i , C i and D i are to be determined from boundary conditions. I n and K n are modified Bessel functions of the first and second kind of order n. Also, using Eq. (10) and Hooke's law, the scalar components of the displacement vector u (i) and the stress tensor Σ (i) of the elastic medium in terms of the potentials Φ i and Ψ i can be written as
Fluid-Structure Interaction and Frequency Equation
First we define Γ 1 : (r = R 1 ) as the boundary contact between the fluid (CSF) region (Ω f ) and the brain region (Ω 1 ), and Γ 2 : (r = R 2 ) as the boundary contact between the fluid (CSF) region (Ω f ) and the skull region (Ω 2 ), and Γ 0 : (r = R 0 ) as the outer boundary (the outer interface of the skull).
Frequency equation in the deformable skull case
The relevant boundary conditions those are physically realistic and mathematically consistent for this problem at the inner and outer surfaces of the elastic solid (brain) in contact with fluid medium (CSF) can be taken as follows:
• On the interface Γ 1 , the displacements (velocities), normal and the tangential stresses must be continuous, leading to:
• On the interface Γ 2 , the displacements (velocities), normal and the tangential stresses must be continuous, leading to:
rθ .
• On the interface Γ 0 the normal and the tangential stresses must be zero, leading to:
Combining these boundary conditions with Eqs. (8), (9), (15) and (16) yields for each mode number n the following linear system
where and [M] is a 10 × 10 matrix. For nontrivial solution, the determinant of the matrix M must be equal to zero
This equation indicates a relationship between the dynamic fluid viscosity η, density of the fluid ρ and the elastic constants. The roots of Eq. (23) give the infinite natural complex frequencies ω.
Frequency equation in the case of rigid skull
In this section, the skull is assumed to be rigid. The problem is governed by Eq. (11) (for i = 1) with boundary conditions Eqs. (17) and (18), and on the interface Γ 2 between the fluid (CSF) and the skull we have
In this case, the matrix M is reduced to six rows and columns the elements of {x} are reduced to {A 1 C 1 A B C D} T .
Torsional mode vibration
The results presented in Eq. (23) are a general natural frequencies equation. For some simpler modes, the above-mentioned method can be simplified. For example: the torsion mode vibration is such a mode in which the scalar components of the displacement u (i) r and the scalar components of the velocity v r are zeros and only the circumferential displacement u (i) θ and velocity v θ is independent of θ. This condition is achieved if φ = Φ (i) = 0. Thus, the general solution for {ψ, Ψ (i) } must be constructed from the set
In this case, the boundary conditions equations (17)- (21) becomes
Then, Eq. (22) becomes
[T] is a 5 × 5 matrix. Solving det[T] = 0 gives the torsional modes.
Results and Validation
Numerical calculations were performed on the example of the hollow cylinder ( Tables 1 and 2 show the comparison of the first 21 natural frequencies and the corresponding mode shapes of brain-CSF-skull system by FEM and the present method (Eq. (23)). In the first 21 natural frequencies, one corresponds to flexural vibration (n = 1), 19 to breathing vibration (n ≥ 2) and one to torsional vibration. A very good agreement is observed between the results of the present method and those of FEM and the relative difference ((FEM-Present)/Present) is ≤ 1%. This shows that the algorithm implemented in Comsol Multiphysics [Comsol, 2008] software for numerical computation is highly reliable and accurate. This algorithm is based on the UMFPACK method [Davis, 2003] . It is the attention to use the numerical formulation in future for more general geometries.
Tables 1 and 2 also show that the modal shapes are not in order with the parameters n. The frequency of mode (n = 15) is lower than that of mode (n = 2), or the frequency of mode (n = 16) is lower than that of mode (n = 3) for example. This feature of cylindrical vibration is different from that of beam vibration in which the order increases with the modal parameter. Therefore, in the vibration of the cylinder, one should be careful as to find the right mode of the vibration.
Six mode shapes are reported in Figs. 5 and 6. The streamlines of components of velocity filed and the Von Mises stress field brain are represented since it plays a key role for understanding either the deep brain injury at low frequency loading. Mode shapes in Fig. 6 illustrate that the highest strain occurs at the interface when accounting for the fluid-interaction. It seems to suggest that traumatic brain injury at low frequency is localized at the interface.
In Fig. 6 , we give some mode shapes of the brain. These mode shapes are not identical to those obtained in El Baroudi et al. [2009] where the inertial coupling is assumed. The fluid (CSF) domain becomes a diffusion layer. The localization phenomena of Von Mises stresses have completely disappeared and we obtain a regular distribution of Von Mises stresses.
In this paper, investigations are carried out to study the effects of CSF's thickness e = R 2 − R 1 and elasticity of skull on the coupled natural frequencies Brain-CSF-Skull system are presented with the present method.
First, one investigates how the coupled natural frequencies vary with the elasticity of skull E 2 . When the skull is assumed to be elastic, we found the same (a) n = 0 natural frequencies and mode shapes as for the rigid skull (Tables 1 and 2 and Figs. 3-6 ). The natural frequencies do not vary significantly even for a large band E 2 > 4.7 [GPa] which is the Youngs modulus of a childs skull of three years old [El Baroudi et al., 2012a] . Secondly, investigations are carried out to study the effects of CSF characteristics such as thickness on the coupled natural frequencies of brain-CSF-skull system. To this purpose, we take for the CSF radius R 2 and we vary e. Figure 2 shows that the CSF thickness has a strong influence on the natural frequencies. The natural frequencies increases when the CSF thickness decreases due to added mass [Ohayon and Soize, 1997] .
Conclusion
This paper investigates coupled natural frequencies of an idealized human head. The solutions satisfy all the governing equations and boundary conditions point by point and they are two-dimensional exact. The numerical example shows a good agreement between the results of the present method and those of FEM. The knowledge of the natural frequencies may be very important either in understanding Trauma Brain Injury during impacted head [Willinger et al., 1995] ; or neuroimaging [Will and Berg, 2007] and [Hiltunen et al., 2006] . Very simplified models have been developed in the present study for analyzing the influence of the CSF phase on the frequency spectrum on the brain-CSF-skull system. Some concluding remarks could be drawn:
• The analytical and numerical results are in good agreement in this study. It is the attention to use it in the future for more general geometries.
• The CSF thickness has a strong influence on the natural frequencies. Indeed, decreasing the fluid thickness tends to increase the frequencies since the added mass increases accordingly.
• Mode shapes of the rigid skull are the same as those of the elastic skull case. This is probably due to the high stiffness of the skull compared to that of the brain. In such a case, it is therefore possible to replace the "stiff skull" by a infinitely rigid wall. But in all cases, it seems not a very realistic model for analyzing the head impact.
• The model El Baroudi et al. [2009] when the inertial coupling is assumed and the present study do not give similar results. This means that the results depend strongly on the choice of coupling used.
The matrix M in Eq. (22) in the deformable skull case is defined as follows: 
1 (R 1 ) (A.13)
